arXiv:1504.02535vl [math.DG] 10 Apr 2015 


ON SUPER GENERALIZED RECURRENT MANIFOLDS 


ABSOS ALI SHAIKH, INDRANIL ROY AND HARADHAN KUNDU 

Abstract. To generalize the notion of recurrent manifold, there are various recurrent like con¬ 
ditions in the literature. In this paper we present a recurrent like structure, namely, super 
generalized recurrent manifold, which generalizes both the hyper generalized recurrent manifold 
and weakly generalized recurrent manifold. The main object of the present paper is to study the 
geometric properties of super generalized recurrent manifold. Finally to ensure the existence of 
such structure we present a proper example by a suitable metric. 


1. Introduction 

Let M be a connected semi-Riemannian manifold equipped with a semi-Riemannian metric 
g. Let V, R, S and k be respectively the Levi-Civita connection, Riemann-Christoffel curvature 
tensor, Ricci tensor and scalar curvature of M. The curvature of a manifold plays the crucial role 
to determine the shape of the manifold. From a given metric one can determine the curvature 
but the converse is very cumbersome. For the sake of construction of a curvature restricted geo¬ 
metric structure one should impose a restriction on the curvature tensor by means of covariant 
derivatives or otherwise. It is well known that covariant derivative is a generalization of partial 
derivative and higher order of covariant derivatives imposed on a curvature tensor give rise dif¬ 
ferent kinds of curvature restricted geometric structures. For example, the local symmetry and 
semisymmetry were introduced by Cartan (13. 0) which are respectively appears due to the 
covariant derivative of first and second order. Again the locally symmetric manifold generalized 
by Chaki |1] as pseudosymmetric manifold. And Tamassy and Binh’s [28] weakly symmetric 
manifold is another generalization of Chaki pseudosymmetric manifold. Also the notion of recur¬ 
rent manifold appeared in the literature as a generalization of local symmetry. It may be noted 
that the study of recurrent manifold was initiated by Ruse ([I5|, [T6] . ini) as kappa space and 
denoted as In 1979 Dubey [Tn| presented a generalization of called generalized recurrent 
manifold (briefly, GKn) but we note that the structure GK^ does not exist |T3] (see also [U], [T2] . 
n®, Recently Shaikh and his coauthors introduced three notions of generalization of recurrent 
manifold, namely, quasi generalized recurrent manifold [21] (briefly, QGKn), hyper-generalized 
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recurrent manifold [23] (briefly, HGKn) and weakly generalized recurrent manifold [25] (briefly, 
WGKn) along with their proper existence by suitable examples (see, [IB], [2S])- We also note that 
for a = /3, a quasi-Einstein manifold {S = ag + /3r] ^ g) is WGKn if and only if it is QGKn and 
for 2a = 13, & quasi-Einstein manifold is HGKn if and only if it is QGKn- Very recently another 
generalization of such notion was given in [20] and introduced the concept of super generalized 
recurrent manifold (briefly, SGKQ- 

The object of the present paper is to study the geometric properties of a SGKn- Section 2 
deals with the rudimentary facts of various curvature restricted geometric structures and tensors 
as preliminaries. Section 3 is devoted to the study of SGKn and contains the main results. It is 
proved that on a proper Roter type manifold [7] the notions of Ricci generalized recurrency [5] 
and super generalized recurrency are equivalent, and a SGKn satisfies semisymmetry condition 
if all of its associated 1-forms are closed and pairwise codirectional. The last section is concerned 
with the proper existence of such notion by means of a suitable example. 

2. Preliminaries 

Let us now consider a connected semi-Riemannian manifold n > 3. Let G°°{M), 

x(M), x*(M) and T^{M) be respectively the algebra of all smooth functions, the Lie algebra of 
all smooth vector fields, the Lie algebra of all smooth 1-forms and the space of all smooth tensor 
fields of type (r, k) on M. We now define some necessary terms and various curvature restricted 
geometric structures on M. 

For n, $ G x*(M), we can define their exterior product IT A $ as: 

nA<i) = ^(n(g)<i)-<i)(g)n), 

where <8) denotes the tensor product. We note that if LI A <I> = 0, then LI and <I> are linearly 
dependent or said to be codirectional. Again since V is torsion free so the exterior derivative dll 
of n can be expressed as: 

dYi{x,Y) = (Vxn)(v) - (Vyn)(A) 

for all X,Y E x(M). We also note that LI is closed if dll = 0. 

Now for A, E E 7^{M) we have their Nomizu-Kulkarni product A A E as 

(2.1) (A1AE)(Ai,A2,Vi,V 2) = A(Xi,V2)E(X2,Vi) + A(V2,Vi)E(Ai,y2) 

-A(Xi, Vi)E(A2, Vs) - ^1(^2, Y2)E{X,, Y,), 

where Xi,A 2 ,Vi,V 2 G x(M). Throughout the paper we consider X,Y, Xi,Yi E x(M), i = 
1,2,.... As there is no confusion, here we use the same symbol A for Nomizu-Kulkarni product 
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and exterior product. 

Again for a symmetric (0, 2)-tensor A and X,Y E x(M) we can define two endomorphisms sY 
and X AaY on x(M) as: 

g{sYX,Y) = A{X,Y) and {X AaY)Xi = A{Y, Xi)X - A{X, Xi)Y. 

Then we get another (0,2)-tensor called the second level of A with corresponding endomor¬ 
phism operator given below: 

Y) = A{£/X, Y) = g{sY‘^X, Y). 

We note that the endomorphisms sY, and X h^are all C'°°(M)-hnear. In particular we get 
the second level Ricci tensor given by 

S‘^{X,Y) = S{A’X,Y), 


where 5Y is the Ricci operator dehned as S{X, Y) = gi^y'X, Y). 

Using this Nomizu-Kurkarni product and we can dehne some useful curvature tensors, namely, 
conformal curvature tensor (7, projective curvature tensor P, concircular curvature tensor W and 
conharmonic curvature tensor K as follows: 


C = R- 


-gAS + 


K 


n — 2 
P = R- 
W = R 


2(n- l)(n-2) 
1 


9 Yg, 


n — 1 

K 


2n{n — 1) 


(A5), 

gYg, 


K = R- 


n — 2 


9 AS. 


Now for D G Ti{M) we get its corresponding R G T^{M) and the C'°°(M)-linear endomorphism 
operator .^(Xi,X 2 ) due to two vector helds X and U, as follows: 


g{V{Xi,X 2 )X^,X^) = D(Xi,X 2 , W 3 ,X 4 ) and 

^(X,U)X3 = P(W,U)X3. 

We note that one can easily operate a C'°°(M)-linear endomorphism ^ on T E 'T^{M) as follows: 

- ,X,) = -T(^Xi,X 2,--- ,Wfc)- T(Xi,X2,-- - 
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Then for the endomorphisms ^(Xi, X 2 ) and X AaY we get two (0, fc + 2)-tensors for T as follows: 


(^(x,r)r)(Xi,X2,--- ,x,) 


= -r(^(x, y)(Xi), X2, • • •, X,)-T(Xi, X2, • • •, ^(x, r)(Xfc)) 


= -T{V{X, y)Xi, X 2 , • • • , Xfc)-T(Xi, X 2 , • • • , V{X, Y)Xk), 


((XAaX)T)(Xi,X 2 ,-- - ,Xk) 

= -T((X X)Xi, X 2 , • • • , X,)-T(Xi, X 2 , • • • , (X A^ Y)Xk) 

= A{X, X,)T{Y, X 2 , • • • , X,) + • • • + A1(X, Xfc)r(Xi, X 2 , • • • , T) 

-Ai(r, Xi)T(x, X 2 , • • •, Xfc)-A(r, Xfc)r(Xi, X 2 , • • •, x). 

We note that throughout this paper we denote 
(^(X,y)T)(Xi,X 2 ,-- - ,X,) asD-r(Xi,X 2 ,--- ,Xfc,X,y) and 
((X AAy)T)(Xi,X 2 ,--- ,Xfc) asQ(AT)(Xi,X 2 ,-- - ,Xk,X,Y). 

Again generalizing the notions of A A and A a for A, E G we have the following for 

higher order tensors: 

(AAT)(Xi,X 2 ,yi,y 2 ,--- ,n) = A{X,,Y2)T{X2,Y,, - ■ ■ ,Yk) + A{X2,Y^)T{X,,Y2r ■ ■ ,Yk) 

- A(Xi, yi)T(X 2 , ^ 2 , • • •, Yk) - a(X 2 , y 2 )r(Xi, w, • • •, n). 

(X At y)(Xi, X 2 , • • • , Xk) = T{Y, X^, X 3 , • • • Xk)g{X, X 2 ) - T(X, W, X 3 , • • • Xk)g{Y, X 2 ), 
where A G 7^°(M) and T G Now from the dehnitions we can state the following: 

Proposition 2.1. For A G 1^{M) and D G T^{M), the following relations hold: 

(i) V(X AaY)=X Ava X and V{gAA)=gA (VA), 

(a) D ■ {X AaY) = X Ad.A Y and D ■ (g A A) = g A {D ■ A) if D ■ g = 0. 

We now dehne some basic curvature restricted geometric structures: 

Definition 2.1. Let T G 7^(M). Then M is said to be T-recurrent [I 6 ] if the condition 

( 2 . 2 ) VT = n®T 

holds on {x E M : XT 0 at x} G M for an 1-form fl, called the associated 1-form of this 
structure. Such an n-dimensional manifold is denoted by T-Kn with associated 1-form fl or 
simply T-Kn with fl or more simply T-Kn- 
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Definition 2.2. For T G F^{M), M is said to be T-quasi generalized recurrent [2l], T-hyper 
generalized recurrent [23] and T-weakly generalized recurrent [23] respectively if the condition 


(2.3) 

VT = n^T+ ^ ^[g A{g+ g®ri)], 

(2.4) 

VT = Il®T + ^®gAS and 

(2.5) 

VT = U(^T + ^(^S AS 


holds respectively on {x E M : VT at x'if G x*(M)} C M for some 11, ^ and 

r] G called the associated 1-forms. An n-dimensional manifold satisfying fl2.3p {resp., 

fl2.4p and fl2.5|) i is denoted by T-QGKn {resp., T-HGKn and T-WGKn). 

We note that we call these structures in short as recurrent like structures. Now Generalizing 
these recurrent like structures T-WGR^ and T-HGKn we now define the super generalized 
recurrent structure on M. 

Definition 2.3. For T E Xf, M is said to be T-super generalized recurrent manifold [20] if the 
following condition 

(2.6) VT = I[®T+ ^ ® S A S ® g A S+ Q ® g Ag 

holds on {x E M -. VT — f^®T — C, ®SAS — 9®gAS^Q at x'i E x*(M)} C M for some 
1-forms n, <h, 4/ and 0, called the associated 1-forms of this structure. Such an n-dimensional 
manifold is denoted by T-SGKn with associated 1-forms (11, <h,'h, 0) or simply T-SGKn with 
(n, <h, 4/, 0) or more simply T-SGKn. 

We note that if we take the particular value of T as the Riemann-Christoffel curvature tensor R, 
then we call R-Kn as simply recurrent manifold and denoted as Kn. Similarly we call R-QGKn, 
R-HGKn, R-WGKn and R-SGKn as quasi generalized recurrent manifold, hyper generalized 
recurrent manifold, weakly generalized recurrent manifold and super generalized recurrent man¬ 
ifold respectively, and denoted them as simply QGKn, HGKn, WGKn and SGKn respectively. 
Again if we take T as the Ricci tensor S, then we call S-Kn as Ricci recurrent manifold. 

Again to express the defining condition of T-QGKn in more explicit way we get its extension 
as 

VT = Il^T + ^^gAg + '^^gA{r]®g), 

where If, <h, 'h G x*{Xk), and such an n-dimensional manifold is called as quasi generalized recur¬ 
rent like. 

Again there is a generalization of the notion of recurrency for (0, 2)-tensors as follows: 
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Definition 2.4. For Z G , M is said to be Z-generalized recurrent manifold [5] {briefly, 
Z-GKn ) if the following condition 

(2.7) VZ = nZ) z + ^ (Z g 

holds on {x e M : V Z Z at xM f & X*(M)} C M for some 11 and $ G x*{M), called the 

associated 1 -forms of this structure. 

In particular if Z = S', then we get Ricci generalized recurrent (briefly, S-GKn )■ 

Definition 2.5. ForT G Tfl, M is said to be T-semisymmetric {briefly, T-SSn ) ([3], ^7\) if 

R-T = 0. 

Again M is said to be T-pseudosymmetric in sense of Deszcz {briefly, T-PSn ) ([I], |6]) if R-T 
and Q{g,T) are linearly dependent, i.e., 

R-T = LTQ{g,T) 

holds on {x G M : Q{g, T) 0 at x} for some function Lt on the set. 

In particular, R-SSn and R-PSn are respectively known as, simply, semisymmetric manifold 
(briefly, S'S„ ) and pseudosymmetric manifold (briefly, PSn )• 

Definition 2.6. The manifold M is said to be Roter type {briefly, RTn ) ([7], [8], [9]) if its 
curvature tensor R has the following decomposition: 

R = Nig Ag + N 2 g AS + N^S A S, 

for some Ni,N 2 and G C°°{M). Moreover it is said to be proper Roter type manifold if 

We note that recently Shaikh and his coauthors introduced a generalized notion of Roter type 
structure [IH]. For more details about generalized Roter type manifold and its characterization 
on a warped product manifold we refer the readers to see [21] and [22| and also references therein. 

Now contracting the decomposition relation of R on a RTn, we get a generalization of Einstein 
manifold, namely Ein{2). M is said to be Einstein (resp., Ein{2)) if 

hv 

S = —g (resp., aiS”^ + 028 + a^g = 0), 
n 

where Oi, 02 , 03 G C°°{M). We note that there is an another generalization of Einstein manifold, 
namely, quasi-Einstein manifold. The manifold M is said to be quasi-Einstein if 


(2.8) 


S = ag -\- flr] Zi rj 
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holds for some a,(3 e C°°{M) and rj G x*(M). 


3 . Main results 

Let us consider a super generalized recurrent condition on M as 

( 3 . 1 ) = + + + 

Then contracting above equation we get 

(3.2) WS = Ui® + ^i® S + ^i® g, 
where IIi = —2d>, d*! = If + 2«;$ + (n — 2)\[' and Ti = kT + 2{n — 1)0. 

Theorem 3.1. Let M be a SGKn satisfying fl3.ip . Then the associated 1-forms are not uniquely 
determined. 


Proof: We know that R satishes the second Bianchi identity 

{Vx,)R{X2,X,,X,,X,) + {Vx,)R{Xs,X,,X^,X,) + (Vx3)i?(^i,^2,^4,^5) = 0. 
Then putting the value of Vi? from fl3.1l) . we get 
(3.3) 


|n(X,)fl(X2.Xs.X4.Jf5) + ®(A'i)(SAS')(X2,Jf3,X4,X5) 

Ni,X2,A3 ^ 

+vl/(Xi)((? A 5)(V2, V3, V4, V5) + 0 (W)(^ A g){X2, X,, X,, X,) 


= 0 , 


where denotes the cyclic sum in Xi,X 2 and X 3 . Now contracting above in Xi and V 5 , 

we get 


-R{V, V4, V2, V3) + {«)T(V3) - T(5(X3)) + 2 (n - 2)0(V3)}^(X2, V4) 

+{-aT(V 2 ) + T( 5 (V 2 )) - 2 {n - 2 )Q{X 2 )}g{X,, X,) 

+{n(V3) + 2«$(X3) - 2<h(5(X3)) + (n - 3)T(X3)},S(X2, X4) - 2<I>{X,)S\X2, X,) 
+{-n(X2) - 2/s)<h(X2) + 2<1)(5(X2)) - (n - 3)T(X2)}^(X3, X4) + 2<h(X2)^2(X3, X4) = 0 , 


where V is the corresponding vector held of fl, i.e., g{V,X) = n(X), for all X G x{^)- Again 
contracting in X3 and X4, we get 


-An(X2) + 2 n(5(X2)) + («)(2) _ «:2)$(X2) + 2At<l)(5(X2)) 
- 2 $( 52 (X 2 )) - (n - 2 ){kT(X 2 ) - ^(^(Xs)) + (n - 1 ) 0 (X 2 )} 


= 0, 









ABSOS ALI SHAIKH, INDRANIL ROY AND HARADHAN KUNDU 


where is the trace of S"^. Hence the result. 

Note: We note that the result is true for C-SGKn, P-SGKn, W-SGKn and K-SGKn also. 

Theorem 3.2. Let M he a SGKn satisfying fl3.ip . Then the associated 1-forms are linearly 
dependent with dn such that 

dn = kH + + 2 {n — 1 )[k\1 ' + n0], 

where rP'> = Tr{S‘^). 

Proof: Since the manifold satishes fl3.ip so it satishes fl3.2p . i.e., 

(3.4) VxS{Xi,X2 ) = -2^{X)S^{X^,X2) + (H + 2^$ + (n - 2)^)(W)^(Xi,X 2 ) 

+ («:^ + 2(n-l)0)(W)^(W,X2). 


Now contracting the above equation in Xi and W 2 , we get the results easily. 


Theorem 3.3. A super generalized recurrent manifold becomes a recurrent manifold if it is 
Einstein and in this case the relation between the associated 1-forms are given by 

^$ + -^ + 0 = 0 . 
n 

Proof: Since the manifold is Einstein, so S = ^g and thus from fl3.ip we have: 


XR 


n (g) + 


^ W. ^ T ^ 

$ + -^ + 0 

n 


®gAg 


Again in [T3] Olszak and Olszak showed that for any semi-Riemannian manifold satisfying such 

curvature condition, sometime called generalized recurrent manifold [10], the coefficient of A 5 ^ 

2 

is zero. Thus we can conclude that the manifold becomes recurrent and %<f) + -T + 0 = O. 

n 


Theorem 3.4. Let M be a SGKn with (H, <h, T, 0) and also guasi-Einstein satisfying fl2.8p . then 
it becomes a QGKn-like with (H, + oT + 0, 2a/3^ + /3T, rj). Moreover it becomes a QGKn if 


+ 0 = 7(20/5$ + /IT), 


where 7 G G°°{M) and 7 > 0 on M. 

Proof: The proof is similar to the proof of the Theorem 13.31 

Now we evaluate the conditions on the associated 1-forms such that the SGKn satishes semisym- 
metric condition. 


Theorem 3.5. Let M be a SGKn- Then it satisfies semisymmetry condition if all H, $, T and 
0 are closed and pairwise codirectional. 
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Proof: Let M be a SCK^ with (11, <h, \1/, 0). Then 

VxR = n(X) O i? + <h(X) (^SAS + T(X) (^gAS + &(X) ®gAg 
Again differentiating covariantly with respect to Y, we get 

Vy{VxR) = {VyII){X)R + (Vyd>)(X)^ A ^ + (VyT)(X)^ AS+ (Vy0)(A:)^ A g 
+ [n(A:)T(F) + T(X)<hi(F) + 2$(X)Ti(y)] gAS 
+n(A:)n(y )/2 + T(x)ni(y)^ a 5 ^ + [n(x) 0 (y) + T(A:)Ti(y)] gAg 
+ 2 <h(A:)ni(y)^ a + [n(x)<h(y) + 2 <h(A:)<hi(y)] s as. 

Now from definition we have 

R{X, Y)-R = Vx{VyR) - Vy{VxR) 

= dU{X, Y)R + 2 [$(y)T(A:) - <h(A:)T(y)] gAS‘^ 

+ [d^{X, Y) + <h(y)(n(X) + 2(n - 2)T(X)) - $(X)(n(y) + 2(n - 2)T(y))] S AS 
+ [d-^{X, Y) - 4(n - 1) (0(y)<h(A:) - 0(X)<h(y))] gAS 

+ [dQ{X, Y) - 0(y)(n(X) + 2(n - 1)T(A:)) + 0(A:)(n(y) + 2(n - l)T(y))] gAg. 
Thus we have 

(3.5) R-R = dUR-4{^A'^)gAS^ + [d^-2^A{U-2{n-2)^)]S AS 

+ [dT — 8(n — l)<h A 0 ( 5 ^ A S + [dQ — 20 A (If + 2(n — A g. 

Thus from above equation we can easily conclude the required result. 

Proposition 3.1. A super generalized recurrent manifold M satisfying fl3.ip is Ricci generalized 
recurrent if and only if ^ = 0 or M satisfies some proper Ein{2) condition. 

Proof: The result easily follows from fl3.2l) . 

Theorem 3.6. On a proper Roter type manifold the notion of Ricci generalized recurrency and 
super generalized recurrency are eguivalent. 

Proof: Let us consider the proper Roter type condition 

R = NigAg + N 2 gAS + N 3 S A S, 

where iVi, N 2 and A 3 ( 7 ^ 0) G x*(M). Then obviously the manifold satisfies some Ein{2) condition 
and thus by Proposition 13.11 we conclude that the manifold is Ricci generalized recurrent if it is 
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super generalized recurrent. Again differentiating covariantly the Roter type condition, we get 
the inverse implication. 


11— n pv ^ I /^n ^ 

n-2 ’ ^ n-2 2{n-l){n-2) > 


Theorem 3.7. Let M he a S-GK^ with (If, <h) and also SGR^ with (n,$,\[',0). Then M is 

(i) G-SGKn with (n,<h,^ 

(ii) W-SGKn with (n, 0 - 

(Hi) K-SGKn with (n,<h,'h — ^^,0 — And, especially, 

(iv) P-SGKn with (n, <h, 0 - 2 ^) lfU = T[. 


Proof: The results immediately follow from dehnition with help of Proposition 12.11 

Again to get the condition for a SGKn to be G-SGKn, P-SGKn, W-SGKn or K-SGKn with 
same associated 1 -forms, we have the following: 


Theorem 3.8. Let T G 7^{M). Then the following conditions are equivalent: 

(i) the tensor field (T — i?) G P^{M) is recurrent with II. 

(ii) the structures T-SGKn with (II, <I),T,0) and SGKn with (II, <I>, T, 0) are equivalent. 


Proof: The result easily follows from dehnitions. 

From above we have the following interesting results. 


Corollary 3.1. Let M be a SGKn with (II, $, T, 0). Then it is 

(i) G-SGKn with (II, d), T, 0) if and only if it is Ricci recurrent with II. 

(ii) P-SGKn with (II, $, T, 0) if and only if it is Ricci recurrent with II. 

(Hi) W-SGKn with (II, d), T, 0) if and only if dn = kII. 

(iv) K-SGKn with (II, $, T, 0) if and only if it is Ricci recurrent with II. 

Proof: (i) From Theorem 13.81 M is G-SGKn if and only if the ^^(7 AS— 2(n-iXn-2) 9 A g = 
A (S' — is recurrent with II, or equivalently the tensor (S' — -^^q) is recurrent with 

n (by Proposition 12. ip . i.e., 

^S-2^q = U^ ('s-2^g) . 

n — 1 \ n — 1 J 

Now the above condition implies that dn = kTI and thus Ricci recurrent with II. Again Ricci 
recurrent with II implies the above condition. Hence (i) is proved. 

(ii) Also from Theorem 13.81 M is P-SGKn if and only if ■;;^K As Y is recurrent, or equivalently 
S is recurrent (By Proposition 12 .ip . 

The proof of (iii) and (iv) are similar to the above. 

Note: The sufficient parts of the above corollary can be directly reduced from Theorem 13.71 bv 
using n = n and d) = 0 . 
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4. Examples 

Example 1: Consider the open connected snbset M = , x^) G > 

0} of snch that on M 

{x^)\x^f{xY + {x^ix^fixY + 2{x^)^x^x\xY - {x^ + x^Y ix^)\x^)^ > 0 . 

Take the following Riemannian metric on M: 

ds^ = x^{dx^Y + x^{dx^Y + x'^{dx^Y + x^{dx‘^Y. 


We can easily evalnate the local components of varions tensors on M. The non-zero components 
(npto symmetry) of the Riemann-Christoffel curvatnre tensor R and Ricci tensor S are given by 


Ri 212 — 


1 / 1 


4 V x^ 


H—j- 1 , R 3434 — 


1 ^ 1 


4 V 


c. f^ + 1 .. fr + l . i^ + 1 o f^ + 1 

4 (xl) 2 ’ 4 (x 2 ) 2 ’ 4 (x 3 ) 2 ’ 4 (x 4 ) 2 ' 

Again the non-zero local components (npto symmetry) of VR are 


^ + 2 

D _ D _ 

-rtl212,l — — IN,, Utl212,2 — 
4(X^)2 


% + 2 

TD 

■4(x2)2’ 


T + 2 

‘Iw’ 


3 + 2 


Now we have the non-zero local components (npto symmetry) of g Ag, g AS and S AS as follows: 
g A gi 2 i 2 = -2x^x^ g A c /1313 = -2x^x'‘, g A g^iA = -2x^x^, 


g A 5-2323 = - 2 x^x'^, g A c/2424 = - 2 x^x^, g A c/3434 = - 2 x^x'^; 

(X^ + X2)X^ , x2(x^-t-X^) 

^ARi212 2 ^ 2:V ’ 4(xl)2x2 ^ 4(x3)2x4 ’ 

(x^ - 1 - x 2 ) X^ x 2 (x^ -|- x"^) (x^ -f x 2 ) X*^ X^ (x^ -|- x"^) 

^ ^ ^ 4(xl)2x2 ^ 4(x4)2x3 ’ ^ ^ ^ 4xnT2)2 ^ ' 

(x^ -1- x2) X^ X^ (x^ -1- X^) 1/1 1 \ 

4rAS2«4= + ““d 

C^AC (x^+x 2 )^ (x^ + x 2 ) (x^ + X^) 

8(xl)3(x2)3’ 8(xl)2x2(x3)2x4 ’ 

^ ^ ^ (x^ -F x 2 ) (x^ + X^) (3 ^ (3 {x^ + ^ 2 ) (x^ -f X^) 

6 A hi414 = 8 (x1)2x2x3(x 4)2 ’ ^ = 8x1 (x2)2(^3)2^^^ ’ 

(xl + x 2 ) (x^ + X^) (X=l + X^f 

8xl(x2)2x3(x4)2 ’ =*^34 8(x3)3(x4)3' 

We can now test that the manifold M satishes the snper generalized recnrrent condition as: 


VR = n(8)R-h<h(8)(S'AS')-|-T(8)(^AS')-i-0(g)5fA^ 
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where 11, <h, ^ and 0 are given by 


( 


(4.1) n, = 


8 Si(^{x^)^+ {x^)^(x^)^—x^ (x^)^ (^x^+2x^^ ^ 

(x'-+x2)(x3+x^)((x'-)2(x3+x^)(x2)2 + (x3)2(x^)2x2+xl(x3)2(x^)^) ^ 

802((x^fx3(x^)^ + (x^}^x^(x^}^-(x^+x^)(x^f(x^}^y-(x^fx^(2x^+x^)(x^+x^y 

(x'-+x2)(x3+x4)((xl)2(x3+x4)(x2)2 + (x3)2(a:4)2 2;2^3,l(^3-3)2(^3-4p^ OI’ ^ 

8©3(^(x^)^x®(x^)^ + (x^)^x'*(x^)^ —(^x^+x^) (x®)^(x^)^)^ —(^xl+x 2 ^^x®(x ^)2 ^x®+ 2 x'*) ^ 

(xl+x2)(x3+x4)((xl)2(x3+x4)(x2)2 + (x3)2(x4)2x2+xl(x3)2(x4)2) * 

8©4(^(x^)^x3(x^)^ + (x^)3x4(x^)^ —(^X^+X^) (x3)2(x4)2^^_^X^+x3^^(x3)2x4^2x3+x4^ ^ 

(x3+x2)(x3+x4)((x3)2 (x3+x4) (x 2 ) 2 + (x3 )2 (^4)2 3,2 (^2,3^2 (x4)2) ^ 


(4.2) 




/ 


< 


V 


2xl(x2)2(x3)2(a:4)2| 

( 8©1 A a:l+2a:2 A 

^ + (x-*-)^x^(x^)^ + (x-*-)^x'^(x^)^ — (x-*-+x^)(x^)^ (x*^)^ J 

2ixy^x‘^(x^)^ix'^}^\ 

x^-\-x^ 

( 8023;^ 2x^+x^ \ 

^ x^ + x^ (x-*-)^x^(x^)^ + (x-*-)^x'^(x^)^ —(^x-*-+x^^(x^)^(x‘^)^ J 

2 ( x ^)^( x ^)^ x 3 ( x 4)2 1 

( 8©3a:3 , x^ + 2x-^ ^ 

^ x4-|-x^ (x4)^ai^(x^)^ + (x4)^ai4(a;^)^ — J 


X^-hx"^ 

( 8©4x'^ , 2x^+x^ \ 

^ xl+x^ (x4)^x^(x^)^ + (x4)^x4(a;-^)^ —fx4+x^ j(x^)^(x‘4)^ y 

x^-\-x'^ 


for i 
for i 
for i 
for i 


1 

2 

3 

4, 


(4.3) 

= < 


v 


x3(x3x3x4)2 |^16 ©ix3(^(x1)3x3(x3)2 + (x3)2x4(x^)^ —(^x3+x3^(x3)2(x4)2^_^a;l+2x2) [x^+x'^y^ 

(x4)4(x3)2(x2)4 + (x4)4(x4)2(x2)4+2(x1)4x3x4(x 2)4 —(xl+x2)^(x3)4(x4)4 

X^(x3x3x4)2|^16©2X^((x3)^x3(x^)2 + (x4)2x4(x^)^—(^x4+x^)(x3)2(x4)2)_(^2x3+X^) (x3+x4)] 

(x3)4(x3)2(x2)4 + (x1)4(x4)2(x2)4+2(x4)4x3x4(x 2)4—(x4+x2d(x3)4(x4)4 

x3(x'^x^x4)2 )i6©3x3((x'^)^x3(x^)^+(x^)^x4(x^)^ —(^x^+x^) (x3)2(x4)2) + ^x^+x^) [x^+2x'^y 
(x4)4(x3)2(x2)4 + (x4)4(x4)2(x2)4+2(x4)4x3x4(x 2)4 —(xl+x2)^(x3)4(x4)4 


yx ) yx^j yx ) -\-{X ) \x ) yx j -\-^{x j x^ x \x ) — yx ^x j yx^ ) yx i 

x4(x'^x^x3)2 )i6©4x4((x'^)^x3(x^)^ + (x^)^x4(x^)^ —(^X^+X^) (x3)2(x4)2 j + ^x^+x^j (^2x3+x4)j 

(x4)4(x3)2(x2)4 + (a;4)4(x4)2(x2)4+2(x4)4x3x4(x2)4 —(xl+x2)^(x3)4(x4)4 


for i 
for i 
for i 
for i 


1 

2 

3 

4, 


1 

2 

3 

4. 


We see that the associated l-forms are not uniquely determined as we can take 0 arbitrarily and 
others are related with it (which supports the Theorem 13. ip . We can check that the manifold is 
neither hyper generalized nor weakly generalized recurrent. 

Again from the values of R, g A g, g A S and S AS, we can easily check that the manifold is Roter 
type satisfying R = Nig A g + N 2 g A S + N^S A S, where 


Ni 

W 

iVs 


{ x ^ + x^) (x^ + x^) ((x^)^ (x^ + x"^) (x^)^ + (x^)^(x"^)^x^ + x^(x^)^(x"‘)^) 
8 ( —(x^) 2 (x 2)2 (x3 + + (x3)2(x"^)2(x^ + x^))^ 

2(x^)^(x^)^ (x^ + x^) (x^)^(x^)^ (x^ + x^) 


{ — {x^y{x‘^y (x^ + x^) + (x^)^(x"‘)^(x^ + x^))^ 


and 


2(x^)^(x^)^(x^)^(x‘^)^ ((2^A^ ( 3 ^^ + xy {x^r + (x^)^(x^)^x^ + x^(x^)^(x‘^)^) 
(-(xi)2(x2)2 (a;3 + x^) + (x3)2(a;4)2(a;l + x^)f 


Thus by Theorem 13.61 the manifold is Ricci generalized recurrent satisfying: 

= + 
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where 11 and $ are given by 


(4.4) 


( 







(x^+ 2 x^)(x®)^(a;'*)^ 

(x^)''^+{x'^)‘^x'^{x^)'^ — (x^+x'^)(x''^y^(x'^)‘^x^ 
(2x^+x^){x^)^{x*)^ 

(x'^)^+(x^)^x‘^(x^)^ — (x^+x'^)(x^)‘^(x'^)^x‘^ 
(x^)^(x^)^(^x^+2x‘^) 


x^{—(x^)^{x^+x‘^){x'^)'^+{x^)'^{x'^)‘^x'^+x^{x^)^{x'^)'^) 

( 2 x^+ 1 '*) 

X^(—(xl)^(x^+x^)(x^)^ + (x^)^(x^)^x^+x^(x^)^(x^)^) 


for i = 1 
for i = 2 
for i = 3 
for i = 4, 


(4.5) 


/ 


<f>i = 




(xl+ 2 x^) (x^+x"') 

4(x2)2x3(x1)3+4(x2)2x4(x1)3-4(x1+x2)(x3)2(x4)2x1 

(2x1+x2)(x3+x4) 

4(x4)2x3(x2)3+4(x1)2x4(x2)3—4(x1+x2)(x3)2(x4)22;2 
(x^+x^) (x3+2x4^ 


4x3 (—(x3)2(x3+xU(x2)2 + (x3)2(x4)2x2+x4(x3)2(x4)2) 
(x1+x2)(2x3+x4) 

4x4(—(xl)2(x3+x4)(x2)2 + (x3)2(x4)2x2+xl(x3)2(x4)2) 


for z = 1 
for i = 2 
for i = 3 
for i = 4. 


Now one can calcnlate exterior derivatives and wedge products between If, $, 'h and 0, and then 
easily check from fl3.5D that the manifold satisfies R ■ R = 0, i.e., semisymmetric, although the 
1 -forms are not closed, since 0 being arbitrary. 

Again as the manifold is S-GKn and also SGKn, by Theorem 13.71 it is G-SGKn, W-SGK^ and 
also K-SGKn but of different 1-forms, which follows from Theorem 13.71 and Corollary 13.11 as M 
is not Ricci recurrent. 


5. Conclusion 

In this paper we study the geometric properties of a super generalized recurrent manifold. It 
is shown that its associated 1-forms are not uniquely determined and they are linearly dependent 
with dn and also their dependency relations are evaluated. We found out the form of i? ■ 72 of a 
SGKn and showed that it is semisymmetric if all of its associated 1-forms are closed and pairwise 
codirectional. It is also shown that if the manifold is Roter type then super generalized recurrent 
and Ricci generalized recurrent manifolds are equivalent. Again we prove that Ricci recurrency 
is a necessary and sufficient condition for a SGKn to be G-SGKn or P-SGKn or K-SGKn with 
same associated 1-forms. Finally a proper example of SGKn is given which verihes the main 
results of the paper. 

Acknowledgment: The author HK gratefully acknowledges to CSIR, New Delhi (File No. 
09/025 (0194)/2010-EMR-1) for the financial assistance. All the algebraic computations of Sec¬ 
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